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In this paper, the spin transfer torque (STT) and the exchange coupling of the Josephson junc-
tions containing the interesting cases of diffusive/ballistic-triplet/singlet ferromagnetic superconduc-
tor (FS) materials together with the diffusive Josephson junction of the form S1/F1/I1/N/I2/F2
with I being the insulating barrier are investigated. Using the Nazarov quantum circuit theory, it
is found that for the diffusive FS1/N/FS2 structure the STT only appears in the normal direction
to the plane of the exchange fields of the F1 and F2. This results in the antiparallel/parallel or
vice versa parallel/antiparallel transition of the favorable exchange coupling depending on the con-
sidered parameters of the system, including the nonmagnetic spacer thickness, the superconducting
phase difference, the length and the exchange field of the ferromagnets. Furthermore, the analyze
of the width of the transitions, the phase difference interval in which an interlayer length-induced
antiparallel/parallel transition can be occurred, is performed. For instance, as the exchange field
or the temperature increases, the interval of phase difference gets larger. On the other hand, the
ballistic Josephson junction containing the triplet ferromagnetic superconductor reservoirs solving
the 16×16 Bogoliubov-de-Gennes equation is studied. It is found that although the exchange fields
of the FS are laid in the z and y direction, the STT interestingly exists in all three directions of x,
y and z. This exciting finding suggests that the favorable equilibrium configuration concerning the
least exchange coupling occurs in the relative exchange field direction different from 0 or pi. To the
best of our knowledge it is for the first time that the occurrence of the in-plane STT is reported.
Moreover, the occurrence of the beat like behavior with two oscillation period for the out-of-plane
STT is interestingly acquired.
PACS numbers: 74.45.+c, 74.50.+r, 72.25.-b,75.70.Cn
I. INTRODUCTION
The potentiality of spin transfer torque for commer-
cial application in MOSFET technology has been a
strong driving force in this field from the beginning. Slon-
czewski’s 1997 patent [1] for devices based on spin trans-
fer torque(STT) has been referenced by 346 subsequent
patents. Research on spin-transfer-induced domain wall
motion has been highly pursued by many groups since
the beginning of the 21st-century [2–6]. The coupling
between itinerant carriers and collective magnetic order
parameters implied in STT makes this quantity as the
practical tool for the usage in magnetic random access
memories and oscillator circuits [7–12]. In addition to ex-
tensive theoretical and experimental studies of the STT
in ferromagnetic (F) spin-valve and domain structures,
there have been studies devoted to the STT in struc-
tures with superconducting parts [13–22]. Actually, with
novel and featuring applications, the ferromagnet super-
conductor heterostructures have been the active topics
of the condensed-matter physics research [23–25]. In par-
ticular, special attention has been paid to the Joseph-
son nano systems including the FS structures. This is
due to the spin sensitivity in ferromagnets in combina-
tion with the dissipation-less currents in superconduc-
tors, which open ways towards the novel types of con-
trolled charge and spin flow nano machines. The created
STT in these nanojunctions is the cause of the transfer
of spin angular momentum from the spin current to the
magnetization. The torque may have both in-plane and
out-of-plane components. The equilibrium exchange in-
teraction is brought on only an out-of-plane component,
while the non-equilibrium torque is mainly in the plane.
The equilibrium out-of-plane STT always tries to retain
the minimum of the free energy at the state in which
the exchange fields of the ferromagnets make the angle
0 or pi relative to the each other. While, the in-plane
STT makes the magnetic moments switch to a perpendic-
ular configuration, rather than a parallel or antiparallel
one [26, 27]. The sign and size of the equilibrium/non-
equilibrium torque may be controlled by many param-
eters such as the direction of the spin supercurrent, the
superconducting phase difference, the magnitude and the
direction of the exchange couplings. Dealing with the
formation of the STT in ferromagnetic superconductor
heterostructures, the essential effect is the production of
the long-ranged spin-triplet superconducting correlations
by the interplay between the induced spin-singlet correla-
tions and the noncollinearity of the magnetization profile
in the F contact [28–38]. Despite the aspects of the be-
havior of the STT in the ferromagnetic junctions includ-
ing the s-wave superconductivity are known [13, 39–42],
only one work has been devoted to the attitude of the
torque in the junctions containing the triplet p-wave chi-
ral ferromagnetic superconductor reservoirs. In the men-
tioned study, Linder et al. [43] showed that the physics
of the spin transfer torque appear richer and more com-
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2plex in these structures. In particular, the STT depends
on the phase of the superconducting pairing correlations
which can be utilized as an additional way of controlling
and detecting spin-transport and magnetization dynam-
ics. On the other hand, it should be noted that only an
out-of-plane component of the STT as the consequence
of the equilibrium exchange interaction has been studied
in this perusal. A chiral gap function breaks time reversal
symmetry due to the appearance of the i in the p-wave
form of the paring potential, ∆ ∝(kx± iky). Experimen-
tal confirmation of broken time-reversal and mirror sym-
metry of 3He-A was recently made by the observation of
an anomalous Hall effect for electron bubbles moving in
3He-A films [44, 45]. We believe that the time-reversal
breaking results in interesting findings for the spin trans-
fer torques of these systems.
The indispensable need for the reduction of the bit size
which consequently results in the smaller thinner electri-
cal devices [46–48], made the way toward the usage of
the new propounded spintronics devices. The so-called
spin MOSFET, encodes the binary information as spin.
The MOSFET cell stores one bit of binary information
through the parallel or antiparallel magnetization of the
recommended MOSFET. In other words, the spin MOS-
FETs are designed to inaugurate two stable states of rel-
ative magnetization between the source and the drain
ferromagnetism reservoirs, viz., parallel and antiparallel
magnetization [49]. The STT is declared as an efficient
tool to manipulate the magnetic states, the central in-
formation medium of spintronic devices, in an accurate,
swift and at low energy cost way [11, 50, 51]. For ex-
ample, by applying a bias to the increasingly small mag-
netic MOSFET bits the readout operation is performed
via the magnetoresistive effects just like what happens in
the case of the flash memory. On the other hand, during
the writing operation, the magnetization configuration of
the spin MOSFET will be varied by some tools including
the current induced magnetic field. There have been also
proposals for the nonvolatile memory and the reconfig-
urable logic gates using spin MOSFETs, where the logic
functions are modulated by reversing their magnetization
configurations [52]. In brief, the spin torque can be engi-
neered to manufacture a various of progressive magnetic
nano-devices. The conformation of the ferromagnets used
in MOSFET qubits are usually being controlled by im-
plying external magnetic fields so far. At the same time,
these settled states with the minimum free energy con-
figurations can be rather well regulated by finding more
ways to change the favorable relative arrangements of the
magnetization to mutate from the parallel design to an-
tiparallel alignment and vice versa.
To get the full benefits of the potential of the ferromag-
netic and superconductor structures, the Josephson junc-
tions with diffusive magnetic junction and also with two
FS reservoirs, connecting through the normal metal con-
nector are the qualified candidates suggested as the novel
spin MOSFET devices. In these structures the minimum
free energy can be modulated by the new interventions
such as, changing the relative superconducting phase dif-
ferences φ of the two reservoirs, for the specified length of
the normal layer. In other words, by varying φ, one can
manage the minimum of the free energy to occur in a
parallel or an antiparallel configuration of the magnetic
moments. In addition, the distinct magnetic couplings
which lead to the parallel or the antiparallel alignment is
favored by the reasons including the different thicknesses
of the normal layer, the value of the exchange fields, the
contemplated temperature, and so on, and so forth. How-
ever, further studies are required to fully understand the
mechanism under which circumstance the preferable mag-
netic couplings occur.
In this paper, the STT and the exchange couplings
in the recently recommended ferromagnetic Josephson
junction MOSFET bits are investigated. Mainly, the stan-
dard equilibrium exchange interaction leads to the equi-
librium Josephson-effect induced torque, which is perpen-
dicular to the plane spanned by the directions of the
magnetic moments of the ferromagnetic layers. On the
contrary, the nonequilibrium torque typically stands in-
side the plane. The equilibrium exchange interaction re-
sults in the equilibrium spin current flowing from one fer-
romagnet to the other while the nonequilibrium torque
levitates from the non-conservation of flowing spin cur-
rents in coexistence with the electrical current. At first,
the diffusive ferromagnetic Josephson junctions are con-
sidered. More, two cases of S/Fc/S junction with the sin-
glet superconductor reservoirs and the Josephson junc-
tion with the singlet ferromagnetic superconductor reser-
voirs, FS1/F1/N/F2/FS2, with specified temperature, ex-
change field, and the length of the ferromagnetic/normal
layer will be explored. In the headmost studied struc-
ture, the Fc represents a complex ferromagnetic junc-
tion of length L, which consists of diffusive ferromagnetic
and normal metal parts as well as insulating barriers.
In particular, the essential characteristic for the MOS-
FET qubit, the favorable configuration of the two fer-
romagnets relative to each other for the occurrence of
the minimum of the free energy, is enquired. Consider-
ing the α as the angle between the exchange fields of
the two FSs or the ferromagnets, the width of the phase
difference in which the equilibrium configuration of α=pi
to α=0 transition occurs in a diffusive Josephson junc-
tion will be also studied. We define the width of the
transition as the interval of the superconducting phase
difference, in which the transition from the antiparallel
configuration to parallel or contrariwise is possible. It
is obtained that only equilibrium STT appears in these
diffusive Josephson junctions. Accordingly, the width of
the transition of the favorable configuration of the ex-
change coupling from the antiparallel conformation to
the parallel situation for four different structures with
Fc being F1/N/F2, symmetric F1/I/N/I/F2 and symmet-
ric/asymmetric I1/F1/N/F2/I2 double barrier junctions
is investigated. Here, "I" denotes the insulating barrier.
For the S1/I1/F/I2/S2 structure we show that the ex-
istence of the I barriers at the SF interfaces broadens
3the 0 to pi transitions and, therefore, improves the con-
ditions to easily trace the track of such transitions for
the usage in MOSFET qubits. It will be demonstrated
that a symmetric double-barrier structure with the two
barriers having the same conductance shows wider transi-
tions than the corresponding asymmetric structure with
the same total conductance but different conductances
of the barriers. An even larger width of transitions can
be achieved by including an additional normal-metal part
into the Fc. This motivates our study toward the symmet-
ric S1/I/F1/N/F2/I/S2 Josephson structure, with the op-
timum relative width of φ. Then, the condition in which
the transition from ferromagnetic parallel configuration
to antiparallel one for the diffusive singlet ferromagnetic
superconductor Josephson junction occurs, are further
scrutinized.
In the second part, the STT and the exchange coupling
of the ballistic Josephson junction with triplet ferromag-
netic superconductor reservoirs connecting through the
short normal layer, FS1/N/FS2, are studied. The exis-
tence of the in-plane STT, which allows much more con-
trol on the intended magnetic nano-devices, is the rea-
son for the importance of suchlike inquest. A thorough
search of the relevant literatures yielded that the in-plane
STT has not been investigated yet in these kinds of nano
structures. As previously indicated, one of the fascinating
properties of the STT is the ability to move the magneti-
zation on the energy landscape. This behavior leads the
magnetization to get the new equilibrium positions which
do not belong to energy minima and it can establish the
steady oscillations of the magnetization with large pre-
cession angles. The in-plane torque is modified when the
F/N/F trilayer is coupled to the superconductor or FS
reservoirs rather than connecting to two normal metal
reservoirs. The superconductor reservoir contact conveys
both spin and charge currents, while the normal one only
sustains a charge current for voltages below the supercon-
ducting gap. It is perceived that this restriction causes
a in-plane torque, which brings about the switching of
the magnetic moments to a perpendicular configuration,
rather than a parallel or antiparallel one [26, 27]. The
sign and size of the in-plane torque is controlled by the
superconducting phase difference of the two FS reservoirs,
the phase difference ∆θ=θ↑-θ↓ between the majority and
minority spin superconducting order parameters, and so
on.
In the following the structure of the paper is briefly
described. First, in Sec. II, the model and the basic
equations, used for investigation of the various diffu-
sive/ballistic Josephson junctions are given. The ob-
tained results will be discussed in Sec. III. Finally, the
paper is concluded in Sec. IV.
II. MODEL AND BASIC EQUATIONS
In this Article, two different approaches are implied to
deal with the two different cases of the diffusive and bal-
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Figure 1. (a) and (b) respectively demonstrate the studied
geometry of S1/Fc/S2 with Fc being F1/N/F2, symmetric
F1/I/N/I/F2 and symmetric/asymmetric I1/F1/N/F2/I2 dou-
ble barrier junctions and the FS1/F1/N/F2/FS2 structure.
listic Josephson junctions. At first sight, the Usadel equa-
tion will be discretized by means of the Nazarov’s quan-
tum circuit theory for the diffusive nanosystems. There-
upon, the investigation of the ballistic Josephson struc-
tures is anteceded exploiting Bogoliubov-de-Gennes for-
malism (BDG). Two procedures will be more portrayed
in the following two subsections.
A. Diffusive MOSFET spin
The first part of the present study is devoted to the in-
vestigation of the minimum free energy established states
of the diffusive S1/Fc/S2 Josephson junction with Fc be-
ing different configurations of the ferromagnets, insulat-
ing barriers, and the superconductors and then the struc-
ture of the form FS1/F1/N/F2/FS2, exhibited in Figs.
1(a) and (b). In more details, primitively, the numer-
ical calculations of the diffusive S1/F1/N/F2/S2, sym-
metric S1/F1/I/N/I/F2/S2, and symmetric/asymmetric
S1/I1/F1/N/F2/I2/S2 double barrier junctions are per-
formed, while at the second place the exchange coupling
study of the diffusive FS1/F1/N/F2/FS2 Josephson struc-
ture is taken into account. FS1 and FS2 are, respectively,
singlet ferromagnetic superconductor with the supercon-
ducting phase differences of φ1 and φ2 and the exchange
field of h1 and h2 both in the y-z plane. It is assumed that
the exchange field of the FS1 in similarity to that of F1,
makes an angle of α relative to the exchange field in the
FS2 in likeness to that of the F2 in conventional ferromag-
netic Josephson junction. The solving procedure is fol-
lowed by discretizing the Usadel equation with the means
of the so-called quantum circuit theory (QCT) which is
a finite-element technique for dealing with the quasiclas-
sical Green’s functions in the diffusive limit. The QCT
description has the advantage of not requiring specified
the concrete geometry. By discretization of the Usadel
equation, the relations in analog to the Kirchhoff laws of
classical electric circuit theory are obtained. These equa-
tions will be solved numerically by the iterative methods
4and then consequently the quasiclassical Green’s function
of the whole system will be determined.
Moreover, the QCT has been generalized to spin-
dependent transport in Refs. [53] and [54] where the find-
ings of F/N contacts are extended to handle the case
studies of S/Fc/S and FS/N/FS contacts. The Fc inter-
layer between the superconducting reservoirs as well as
the normal layer between the ferromagnetic superconduc-
tor reservoirs are discretized into nodes. As shown in Ref.
[54], the normalized density of states in the normal metal
connected to a superconductor and an insulator ferromag-
net at its ends, is the same as the one for a BCS supercon-
ductor in the presence of a spin-splitting magnetic field.
Accordingly, every node in a ferromagnetic layer with the
specific exchange field is equivalent to a normal node con-
nected to a ferromagnetic insulator reservoir (FIR) with
the same exchange field. On the other hand, the FS reser-
voirs are presented with the nodes attached to two both
FIR and superconducting reservoirs while each S reser-
voir of S/Fc/S junction is displayed by a node connected
only to the S reservoir. The conductances of the tunnel
barriers at S/F1, F/S2, F/S1, etc interfaces are shown re-
spectively by gS1F , gFS2 , gFS2F 2 and et cetera. Further-
more, the two nodes in the Fc domains are assumed to
be weakly coupled to each other by means of a tunneling
contact. The conductance of such contact between each
two nodes inside the Fc is represented by gT determined
by gFc , the total conductance of Fc excluding the conduc-
tances of the barriers at the interfaces, (n-1)/gT=(1/gFc)-
(1/gS1F+1/gFS2). Here, n is the total number of the con-
templated nodes inside the Fc. In general, a node inside
Fc is characterized by a Green’s function Gˇi, which is
an energy-dependent 4×4-matrix in the Nambu and spin
spaces. In terms of spin-space matrix components gˆ and
fˆ , the matrix Green’s function is written as
Gˇ =
(
gˆ fˆ
fˆ† −gˆ
)
, aˆ =
(
a↑↑ a↑↓
a↓↑ a↓↓
)
, a = f, g. (1)
In the present case of study, a structure with spin-
dependent magnetic contacts and in the presence of F
and S reservoirs, the matrix current is developed in
Ref. [54]. The matrix current between two nodes named
as i, j has three components. The first term express-
ing the matrix currents from the neighboring nodes i-1
and i+1, which can be F, N, S or FS, is illustrated as
Iˇij=(gij/2)
[
Gˇi, Gˇj
]
with [, ] proffering the commutator
of the two involved parameters. The second one known
as Iˇωi is equal to -GQ(ω/δi)
[
τˇ3, Gˇi
]
, with δi being the
electronic level spacing of the node. While τ3 indicates
the unit matrix in Nambu space. In QCT calculation, the
dephasing of the electrons and holes due to their finite
dwell time in the node i is taken into account by the leak-
age matrix current which is proportional to the energy, 
replaced by the Matsubara frequency[55–57]. The third
one represents the leakage caused by the spin-splitting
due to an exchange field ~hi (GQ≡e2/2pi~ is the quantum
conductance),
Iˇsi =
GMR
4
[{(~hi.~ˆσ)τˆ3, Gˇi}, Gˇj ] (2)
+ [i
GQ
δi
(~hi.~ˆσ)τˆ3, Gˇj ].
In the above equation, {, } presents the anticommutator
of the matrices. Due to the relation GMR∼g↑i,j-g↓i,jgi,j ,
this term can be negligible. Besides, ~h is the exchange
field of the node, ~σ and ~τ are, respectively, the vectors
consisting of Pauli matrices in spin and Nambu spaces.
All these matrix currents entering one node should obey
the following law of current conservation in the matrix
form,
Iˇωi + Iˇsi +
∑
j=i±1
Iˇij = 0. (3)
The Eq. (3) is written for all nodes and then is supple-
mented by the boundary conditions, which are the values
of Gˇ in the S or FS reservoirs. Also, the inverse proxim-
ity effect in the reservoirs is neglected and the matrix
Green’s functions in S1 and S2 are set to the bulk values
of
Gˇ1,2 =
ωmτˇ3 + ∆ˇ1,2√
ω2m + |∆|2
, (4)
where
∆ˇ1,2 =
(
0 ∆ˆ1,2
∆ˆ†1,2 0
)
, τˇ3 =
(
1ˆ 0ˆ
0ˆ −1ˆ
)
. (5)
Here, ∆ˆ1,2 = |∆| exp (±iϕ/2)σˆ1 are respectively the su-
perconducting order parameter matrix in S1 and S2 or
in FS1 and FS2 with σˆi being the Pauli matrices in
spin space and ωm=(2m+1)piT with an integer num-
ber m and kB = 1, is the Matsubara frequency. The
temperature dependence of the amplitude of the order
parameter is taken into account as the well approxi-
mated value of |∆|=1.76Tctanh(1.74
√
Tc/T − 1). Also,
the matrix Green’s function fulfills the normalization con-
dition Gˇ2=1ˇ. The size of Fc is scaled in units of the
diffusive superconducting coherence length, ξS=
√
ξ0limp
with ξ0=vF /pi∆0 while vF is the Fermi velocity and
∆0=∆(T=0)=1.76Tc. Moreover, limp is the mean free
path in the F-layer related to the diffusion coefficient via
D=v(F )F limp/3. Two more scales of h/Tc and T/Tc with
Tc being the critical temperature of the S or FS reser-
voirs, are further used. Also, the mean level spacing de-
pends on the size of the system via the Thouless energy
ETh=D/L2≡gT δ/(n-1)GQ with ~=1. In the absence of
spin-flip scatterings, the balance equation, Eq. (3) is writ-
ten for each spin direction separately for all the n nodes
in Fc resulting in a set of equations for n matrix Green’s
5functions of the nodes which should be solved by numer-
ical iteration methods. By choosing a trial form of the
matrix Green’s functions of the nodes for a given φ, T,
and the Matsubara frequency m=0 the calculation starts.
Then, using Eq. (3) and the boundary conditions itera-
tively, the initial value is refined until the Green’s func-
tions are computed with the desired accuracy for each
of the n nodes. The technique is fully described in the
work by Shomali et al. [20, 21, 58]. Finding the Green’s
function of the systems, the components of the spin su-
percurrent and the STT are computed via the following
formulas,
I = trσˆ3Iˇij , Iz = trτˇ3σˆ3Iˇij , Ix(y) = trσˆ1(2)Iˇij ; (6)
Iˇij = (gij/2)
[
Gˇi, Gˇj
]
,
and
τzi = Izi,i+1 + Izi,i−1. (7)
As previously mentioned in Sec. I, the aim of the first
part of this paper is finding the equilibrium configuration
of the exchange field vectors as a function of the phase
difference and temperature to make them as the eligi-
ble candidate for the usage in MOSFET technology. Con-
sequently obtaining the equilibrium STT, the exchange
coupling will be appropriately calculated through the sub-
sequent relation,
F (φ, α) =
∫ φ
0
I(φ′, α)dφ′ +
∫ α
0
Iz(φ, α
′)dα′. (8)
The equilibrium angle, the angle between the two ferro-
magnets or the FSs in the equilibrium position, can be
obtained by minimizing the free energy F, of the contact
as a function of α. In practice, it is found that the ex-
change field vectors favor either parallel, α=0, or antipar-
allel α=pi configurations. Pragmatically, the minimum of
the free energy is calculated for the ferromagnetic Joseph-
son junctions with very different structures and for vari-
ous values of φ, T/Tc, LN/ξs, LF /ξs and h/Tc. Then for
a specified structure the plots presenting LN/ξs versus
φ/pi are drawn distinguishing the region of the parallel
equilibrium configuration from that of the antiparallel
zone. Then the width of the transition is defined. By the
width we mean the interval of the superconducting phase
difference, in which the transition from the antiparallel
configuration to parallel or contrariwise is possible. As
much as this width largens, the system affirms better
conditions for the transition from the parallel situation
to the antiparallel one or in other words the detection of
the parallel/antiparallel or vice versa transition can be
more feasible for the structure having the larger width.
The developed used code is obtainable at 59.
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Figure 2. The investigated ballistic geometry of FS1/N/FS2.
B. Ballistic MOSFET spin
In the second part, the behavior of the STT in bal-
listic FS1/N/FS2 Josephson junction is taken into con-
sideration. As shown in Fig. 2, both FSs are two triplet
FSs with the assigned phase differences of φ1 and φ2,
the nonmagnetic spacer thickness, LN , and the exchange
fields of h1 and h2 making an angle α relative to each
other. Further extra parameter of ∆θ1,2=θ
↑
1,2-θ
↓
1,2, the
phase difference between the majority and minority spin
superconducting order parameters of the FS1 and FS2 is
also contemplated. The quasiparticle propagation is de-
scribed by the BDG equation,
Hψ(r) = Eψ(r)
for the four-vectors ψ(r) =(
U↑`e(h) U
↓
`e(h) V
↑
`e(h) V
↓
`e(h)
)
, where the Hamilto-
nian can be written in the compact form as
H =
(
H`0 ∆`
∆∗` −H`∗0
)
(9)
H`0 = −
∇2
2m
− E(`)F − h` · σ, (10)
where, ∆` is equal to diag(∆
↑
`e(h),∆
↓
`e(h)). The wave func-
tions in the three regions are presented in Appendix
A; Eq. (A15-A17). Also the boundary conditions of Eq.
(A22) will be applied. Then equivalent of the equations,
the 16×16 complex arbitrary matrix of the form A51 are
acquired. The STT will be then calculated by finding
both the eigen values and eigen vectors of the desired
matrix by using Lapack library [60] through the relation
τstt = {ψ†
(
σ × h 0
0 −σ∗ × h
)
ψ}, (11)
with
(
σ 0
0 σ∗
)
=

zˆ xˆ− iyˆ 0 0
xˆ+ iyˆ −zˆ 0 0
0 0 zˆ xˆ+ iyˆ
0 0 xˆ− iyˆ −zˆ
.
 (12)
6Using the Eq. 11, the following spin transfer torques are
obtained,
τx =
h
EF
(sinα{−(|t↓e|2+|t↓h|2)(|u↓2e|2+|u↓2e|2)+(|t↑e|2+|t↑h|2)
(|u↑2e|2 + |u↑2e|2) + 2Re{−(v↓?2eu↓2e)t↓?e t↓he−i(q
↓
2e+q
↓
2h)L+
(u↑?2ev
↑
2ee
−γ¯↑2+ + v↑?2eu
↑
2ee
γ¯↑2+)t↑?e t
↑
he
−i(q↑2h−q↑2e)L}}+ 2 cosα
{Im{v↓?2e (v↑2et↓?h t↑he−γ¯
↑
2+e−γ¯
↓
2−ei(q
↓
2h−q↑2h)L) + u↓?2e(u
↑
2et
↓?
e t
↑
e
ei(q
↑
2e−q↓2e)L+v↑2et
↓?
e t
↑
he
−γ↑2−e−i(q
↓
2e+q
↑
2h)L)+v↑?2e (v
↓
2et
↑?
e t
↓
ee
γ↑2+
e−γ
↓
2+ei(q
↓
2e+q
↑
2e)L+u↓2et
↑?
e t
↓
he
γ↑2−e−i(q
↑
2e+q
↓
2h)L)+u↑?2e(v
↓
2et
↑?
h t
↓
e
e−γ
↓
2+ei(q
↑
2h+q
↓
2e)L + u↓2e|t↓2h|2ei(q
↑
2h−q↓2h)L)}}), (13)
τy =
h
EF
sinα(2Re{t↑?e t↓eei(q
↓
2e−q↑2e)L((v↑?2ev
↓
2ee
γ↑2+e−γ
↓
2+)−
(u↑?2eu
↓
2e))+ t
↑?
h t
↓
ee
i(q↑2h+q
↓
2e)L(u↑?2ev
↓
2ee
−γ↓2+)−v↑?2eu↓2ee−γ¯
↑
2−)
+ t↑?e t
↓
he
−i(q↑2e+q↓2h)L(v↑?2eu
↓
2ee
γ↑2+ − u↑?2ev↓2eeγ¯
↓
2−) + t↑?h
t↓he
i(q↑2h−q↓2h)L(u↑?2eu
↓
2e − v↑?2ev↓2eeγ¯
↓
2−e−γ¯
↑
2−)}), (14)
and
τz =
h
EF
cosα(2Re{t↑?e t↓eei(q
↓
2e−q↑2e)L(u↑?2eu
↓
2e − v↑?2ev↓2e
eγ
↑
2+eγ
↓
2−) + t↑?e t
↓
he
−i(q↑2e+q↓2h)L(u↑?2ev
↓
2ee
−γ¯↓2+ − v↑?2eu↓2eeγ
↑
2+)
+ t↑?h t
↓
ee
i(q↑2h+q
↓
2e)L(v↑?2eu
↓
2ee
−γ¯↑2− − u↑?2ev↓2eeγ
↓
2−) + t↑?h t
↓
h
ei(q
↑
2h−q↓2h)L(v↑?2ev
↓
2ee
−γ¯↓2+e−γ¯
↑
2− − u↑?2eu↓2e)}). (15)
The parameters qσ`e(h) and v(u)
↑(↓)
2e are described in Eqs.
A2 and A10 of Appendix. Also, we define r(t)↑(↓)e(h) in Ap-
pendix. Further, the used parameters are scaled in the
following way
k±x
kF
=
√
(1± E
EF
)− ky
kF
2
(16)
and
q
↑(↓)
1e(h)
kF
=√√√√
1 + σ
h1
EF
±
√
E
EF
2
− (∆1↑(1↓)/EF )2 − ky
kF
2
. (17)
Hence, the applied parameters are E/EF , h1,2/EF , ky/kF
and consequently the length of the normal layer, L, is
scaled to the fermi-wavelength λF . On the other hand
the superconducting coherence length, ξs is related to
the Fermi velocity by the formula ξs=~vFpi∆ . Recalling vF
as pFm and pF being
√
2mEF , the ξs/λF will be acquired
as 1/pi2(∆/EF ). Then the length can be also scaled to
the coherence length vis Lξs=
L
ξF
( pi
2
∆/EF
). Accordingly, the
STT is scaled to
√
2EF
m . The complete and precise pro-
cedure of the calculation is available in Appendix A. For
subgap energies E≤ |∆↑,↓|, successive Andreev Reflection
(AR) at the two N/FS interfaces and the coherent propa-
gation of the excitations between these reactions lead to
the formation of so-called Andreev bound states (ABSs).
In our FS1/N/FS2 system, these are correlated electron-
hole pairs in spin-triplet states with a non-collinear po-
larization. The spectrum of the ABSs is obtained and
then the calculated bound states are set in the formula-
tions to solve the matrix equation. The recent experiment
presents the evidence for STT induced by the spin triplet
supercurrents where the resonance field is found to shift
rapidly to a lower field below superconducting transition
temperature Tc. They have reported the appearance of
the STT when the thickness of the magnetic layer say is
usually below the two nm [61]. Also, here the study is
restricted to the most relevant case of a short N contact
with the thickness L that is much smaller than the super-
conducting coherence length ξ. In this limit, the subgap
Andreev states with E≤ |∆↑,↓| give the main contribu-
tion to the superconducting transport properties in the
FS1/N/FS2 structure and the contribution of the states
of E> |∆↑,↓| can be disregarded. The opening of a gap at
the Fermi level removes part of the normal-state exchange
torque, and it is contemplated that for the E≤ |∆↑,↓|
Andreev-states dominate the net exchange interaction.
III. DISCUSSION AND RESULTS
In the following subsection, foremost the results of the
analysis of the exchange coupling for various diffusive
singlet Josephson junctions are depicted. Afterwards, the
outcomes pertinent to the ballistic triplet Josephson junc-
tions will be given out.
A. Diffusive Josephson junction
This section imprimis presents the verification for the
accuracy of the exploited method, then it proclaims the
findings for the exchange coupling behavior of the con-
ventional diffusive singlet ferromagnetic Josephson junc-
tion with miscellaneous barriers. Accordingly, the section
winds up with the results obtained for the Josephson junc-
tion with singlet FS reservoirs.
1. Verification
The method is verified by reproducing the experimen-
tal results presented by Dobus et al. and the finding
of Likharev for the behavior of the critical current of
the S/N/S Josephson junction. Firstly, in similarity to
the Dobus’s work [62] the logarithmic plot for critical
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Figure 3. (a) The presented study plot for different values of
∆
ETh
(the star markers *) and the plot from Dobus’s experi-
mental work [62] (solid lines). (b) The critical current for dif-
ferent values of L
ξs(Tc)
obtained from the present study (the
star markers *) and the data extracted from the work by
Likharev [63] (solid lines).
current versus temperature is drawn in Fig. 3(a) when
T
Eth
=5.7×10−3 and ∆Eth=10−4. As it is obvious our re-
sults shown by the star markers fit very well to the exper-
imental outcomes of Dobus [62] manifested by solid lines.
At the next step, the written code through QCT method
is checked by comparing the obtained results with that
of the Likharev [63]. The results are plotted for differ-
ent values of TcEth but the scaling used in Likharev was
L
ξs(Tc)
. These two diagrams are related to each other by
the below formula
ξs(Tc) =
√
D
2piTc
(
L
ξs(Tc)
)2 =
2piTcL
2
D
Eth =
D
L2
⇒ ( L
ξs(Tc)
)2 = 2pi
Tc
Eth
(18)
Fig. 3(b) demonstrates the critical current versus
t=T/Tc for different values of Lξ . As the Figs. 3(b) show
there exist a good consistency with the results obtained
by the QCT method presented by star markers, and the
previously experimentally and computationally acquired
findings displayed by solid lines. The written code for the
mentioned verification is procurable at 64.
2. Symmetric Josephson junctions
At first place, the symmetric Josephson struc-
tures of S1/F1/N/F2/S2, S1/I/F1/N/F2/I/S2, and
S1/F1/I/N/I/F2/S2 are studied. Symmetric structure is
a contact with symmetric barriers satisfying the rela-
tion gS1F1=gS2F2 . The Fig. 4, presents the transition
of the favorable configuration with least energy of such
nanosystems from antiparallel to parallel transition for
the structures with specification of LF /ξs=0.1, h/Tc=10,
and T/Tc=0.1. Increasing the phase difference φi upto
the value of φ=pi, the beginning of the normal layer in-
duced transition decreases toward the smaller length of
LN/ξs=0.1. As seen in Fig. 4(a), it is obtained while
the width of the transition ∆φ/φi is nearly the same
for S1/F1/N/F2/S2 and S1/I/F1/N/F2/I/S2 structures,
it increases notably for the symmetric junction of the
form S1/F1/I/N/I/F2/S2. Also in this study, the effect
of the exchange fields of the magnetic parts on the behav-
ior of the transitional width is investigated. Figure. 4(b)
manifests the phase diagrams for the system with the
exchange field of h/Tc=100. It is acquired that the ratio
∆φ/φi becomes smaller for all three symmetric structures
while also the phase difference in which the system starts
to prefers parallel configuration, whatever the length of
the normal interlayer is, decreases. Moreover, it is shown
that the type of the transition strongly depends on the
place of the barriers in such S1/F1/N/F2/S2 structures
when LF /ξs is equal or larger than 0.1. Specifically, it is
found while for the systems with symmetric barriers, the
antiparallel-parallel transition occurs, the structure with
no barrier shows parallel-antiparallel transition depend-
ing on the phase difference between the superconductor
S1 and S2.
The Figs. 5(a) and (b) represent the exchange cou-
pling behavior, respectively, for the structures with sym-
metric barriers of the form S1/F1/I/N/I/F2/S2 and
S1/I/F1/N/F2/I/S2. It is figured out that depending on
the scale temperature T/Tc, any of the symmetric bar-
rier systems can display the broader transition interval.
At low temperatures, the S1/F1/I/N/I/F2/S2 structure
present wider interval of parallel-parallel equilibrium con-
figuration of the exchange field vectors. In other words,
minimizing the free energy F of the contact as a func-
tion of α results in α=0 for more values of φ and LN/ξs.
This behavior of the favorable configuration of the de-
sired Josephson systems reverses at high temperatures.
Put differently, the effect of the temperature on ex-
change coupling is investigated. As presented in Fig.
6(a), for the system S1/I/F1/N/F2/I/S2, while keeping
the exchange field at h/Tc=10 and the ferromagnetic
length at LF /ξs=0.1, temperature increasing makes the
antiparallel-parallel transition occur for smaller phase dif-
ferences. Further nano systems with higher temperature,
experience much larger interval of antiparallel to parallel
transition. The same happens as the LF /ξs largens which
eventuates in augmentation of the interval of the occur-
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Figure 4. (a) Phase diagram of the favorable configuration
of the junction versus φ/pi for different types of structures
when h/Tc=10, LF /ξs=0.1, and, T/Tc=0.1 displaying the
S1/F1/I/N/I/F2/S2 as the one with the largest value of
∆φ/φi. Increasing the phase difference upto the value of φ=pi,
the beginning of the normal layer induced transition decreases
toward the smaller length of LN/ξs=0.1 (b) The same as (a)
but for h/Tc=100 resulting in bigger ∆φ/φi for all three sym-
metric structures. Note that the ratio ∆φ/φi becomes smaller
for all three symmetric structures while the phase difference
in which the system starts to prefers parallel configuration
decreases, whatever the length of the normal interlayer is.
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Figure 5. The same as Fig. 4(a) but for LF /ξs=0.5. (b) Same
as (a) but for T /Tc=0.5. Temperature increase evinces the
change of the trend of the width ∆φ/φi for all three studied
symmetric structures. The symmetric barrier systems can dis-
play the broader transition interval depending on the scale
temperature T/Tc.
rence of the antiparallel-parallel transition. On the other
hand, Fig. 6(b) exhibits the behavior of the minimum of
the exchange energy for the system presenting no barrier,
S1/F1/N/F2/S2, through the structure. It is shown that
unlike what already obtained for the previous systems, at
first place for low phase differences, the equilibrium con-
figuration of the exchange vectors shows parallel-parallel
configuration. Increasing the phase difference, ∆φ, at the
specified phase of φi the system starts to experience the
antiparallel-parallel equilibrium formation.
Temperature dependency of the favorable equilibrium
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Figure 6. Phase diagram of the favorable configuration of the
junction versus φ/pi for S1/I/F1/N/F2/I/S2 structure when
h/Tc=10 and LF /ξs=0.1 for different values of temperature.
Temperature increasing makes the antiparallel-parallel transi-
tion occur for smaller phase differences (b) The same as (a)
but for S1/F1/N/F2/S2 structure presenting that the temper-
ature increase causes the antiparallel-parallel transition hap-
pening for smaller phase differences.
configuration of S1/F1/N/F2/S2 structure is similar to
that of the S1/I/F1/N/F2/I/S2. Moreover, the length of
the ferromagnetic layer has been studied as the variable
parameter. Specifically, Fig. 7 manifests the outcome of
such detection. Increasing the value of LF /ξs from 0.1
to 1.0, the ∆φ/φi becomes notably large, insofar as it
reaches a saturation point of 1.64. In other words the
∆φ/pi interval in which the antiparallel-parallel transi-
tion occurs, grows from zero for LF /ξs=0.1 upto 0.9
for the length LF /ξs=1.0, while being independence to
the value of the normal length. Put differently, the ef-
fect of increasing the ferromagnetic length layer on the
antiparallel-parallel transition is similar to that of the
enhancement of the exchange field for all three studied
symmetric structures.
3. Asymmetric Josephson junctions
In addition, the behavior of the exchange coupling for
a Josephson system with asymmetric barriers is inves-
tigated. To be more precise, the S1/I1/F1/N/F2/I2/S2
structure with the contact with very different gS1F1
and gS2F2 conductances are taken into account. It is
found that in contrast to what happens in symmetric
S1/F1/N/F2/S2 systems, such nanojunction always favor
anti-parallel configuration irrespective of the phase differ-
ences. As seen in Fig. 8, this finding is always true for all
values of LN/ξs.
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Figure 7. Phase diagram of the favorable configuration of the
junction versus φ/pi for S1/F1/N/F2/S2 structure with differ-
ent LF /ξs lengths when h/Tc=10 and T/Tc=0.1 illustrating
the growth of ∆φ by the ferromagnetic length increase.
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Figure 8. Exchange coupling of the junction, ∆F=FPP -
FAP , versus LN/ξs for the S1/I1/F1/N/F2/I2/S2 structure
satisfying gF1S1=0.1gF2S2 with T/Tc=0.1, h/Tc=10, and
LF /ξs=0.1 manifesting that the asymmetric junction always
favor anti-parallel configuration irrespective of the phase dif-
ferences. Here, F0 is the free energy of the system when the
magnetizations are collinear.
4. Josephson junctions with FS reservoirs
The other configuration in which the equilibrium ex-
change coupling is investigated is the Josephson junc-
tion consisting of two singlet ferromagnetic superconduc-
tor reservoirs in the form of FS1/F1/N/F2/FS2. The ex-
change field of the reservoirs makes an angle α with each
other in similarity to the angle between the exchange
fields of the F1 and F2. The Figs. 9(a) and 9(b) illustrate
the behavior of the difference between the parallel and an-
tiparallel configuration of the free energy. As seen in Fig.
9(a), at low temperatures, when T/Tc=0.1, h/Tc=0.1
and L/ξF=0.1, the FS1/F1/N/F2/FS2 structure mani-
fests antiparallel-parallel equilibrium exchange coupling
for the phase difference between φ=0 and φ=0.8pi. This
behavior holds whatever the length of the normal layer is.
For larger superconducting phase differences, this man-
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Figure 9. (a) Exchange coupling Difference of the junction,
∆F=FPP -FAP , versus LN/ξs for S1/F1/N/F2/S2 nanosystem
when LF /ξs, h/Tc=10 and, T/Tc=0.1. (b) The same as (a)
but for a FS1/F1/N/F2/FS2 structure presenting that the
transition from antiparallel-parallel equilibrium configuration
to the parallel-parallel one occurs in a very sharp slope for
the FS1/F1/N/F2/FS2 system.
ner reverses such that the equilibrium exchange cou-
pling will be parallel-parallel configuration of the two
FSs and the two ferromagnetic layers of the all values
of the normal layer, LN/ξs. In other words, the transi-
tion from antiparallel-parallel equilibrium configuration
to the parallel-parallel one occurs in a very sharp slope.
The achieved results are also compared with that of
the nanosystem of S1/F1/N/F2/S2, where the structure
starts to experience the α=0 equilibrium for smaller val-
ues of φ. Concretely, when φ=0.8pi the free energy is min-
imum partially at α=0 for LN/ξs≥5. As Fig. 9(b) shows,
in contrast to the behavior of the ∆F=FPP -FPAP plot
for FS1/F1/N/F2/FS2, it takes ∆φ=0.4pi starting from
φ=0.75pi for this plot to be completely negative for the
whole values of the normal layer length, LN/ξs.
B. Ballistic triplet FS1/N/FS2 Josephson junction
In this section the effect of the superconducting corre-
lations on the STT behavior in ferromagnetic supercon-
ductor Josephson junctions of the form FS1/N/FS2 with
FSs being chiral triplet p-wave ferromagnetic supercon-
ductors in similarity to the A-phase in liquid 3He with
the pairing potential of the form ∆=∆0(kx+iky)/kF are
investigated. The chiral p-wave state is an analogue of
the A-phase (Anderson-Brinkman- Morel phase) of the
superfluid 3He in which intrinsically the time reversal
symmetry is broken[65–67]. Further, it is not claimed
that the A-phase in liquid 3He is ferromagnetic. We have
only established that such systems indicate p-wave order
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of parameters assumed as chiral p-wave superconducting
gaps similar to the A-phase phase in liquid 3He. The ex-
istence of the in-plane exchange torque in addition to
the equilibrium one mediated by Andreev states is re-
ported. The magnetic torques are also found to be depen-
dent to the spin-resolved phase differences of the super-
conducting order parameters as well as to an externally
applied phase difference. Further, the formation of the
spin-triplet electron-hole ABSs with a non-collinear spin
polarization has an essential effect on the existed torques.
1. Bound State Energies; E<0
This section deals with the momentous study of the
bound states. For subgap energies E≤ |∆↑,↓|, successive
AR at the two N/FS interfaces and the coherent propaga-
tion of the excitations between the reflections lead to the
establishment of the ABSs. In our FS1/N/FS2 system,
ABSs are correlated electron-hole pairs in spin-triplet
states with a non-collinear polarization. The spectrum
of the ABSs is found by considering the electronic states
in the two FS regions and N layer while matching the cor-
responding spinors and their derivatives at the right and
the left N/FS-interfaces. The calculation is restricted to
the case of a short NM contact with thickness LN that is
much smaller than the superconducting coherence length
ξs. Specifically speaking the value of LNλF is taken to be
0.2, hence LNξs will be 0.2
pi2
∆/EF
. With ∆/EF being 0.01,
the LNξs becomes ≈0.002. In this limit, the subgap An-
dreev states with |E|≤∆↑,↓ dominate the superconduct-
ing transport properties. For the short length structures,
as previously reported in Ref. [43], the phase dependence
for the branches of the bound state energy is shifted by
±α with respect to that of a conventional short S/N/S
junction [68] determined by e,h,↑,↓=±∆0 cos [(ϕ± α)/2]
while considering transport normal to the interface and
∆θ=0. On the other hand for the nano structures with
∆θ=pi, the dependence on α is rather weak, such that
the dependence is almost the same as the conventional
S/N/S case [43].
2. Verification
At the first step, the accuracy of the developed numeri-
cal template has been verified by implying to the reduced
systems. The F1/N/F2, S1/N/S2, singlet FS1/N/FS2. As
expected, only the out-of-plane STT τx appears and no
evidence for the occurrence of the in-plane spin trans-
fer torque have been found. Also, the triplet FS1/N/FS2
for only ky=0 is investigated. It is obtained that only
the equilibrium out-of-plane spin transfer torque is de-
tectable for such system. At the next subsection we report
the results for the study of the full triplet FS1/N/FS2
with integrating over possible kys. Interestingly, non-zero
in-plane spin transfer torque are calculated. The finding
suggest that the in-plane spint transfer torques, τy,z, are
presented due to the manifestation of the iky in the su-
perconducting gap. All the numerical implementation are
accessible via [69].
3. In-plane/Out-of-plane spin transfer torque τx,y,z
The spin-polarized Andreev states carrying charge and
spin supercurrent lead to an equilibrium out-of-plane and
the nonequilibrium in-plane exchange torque originating
from superconducting correlations between the magneti-
zation vectors of the two FSs. All three components of the
STT will be calculated using Eq. (11) and by summing
over the contribution of all ABSs. The out-of-plane τx
component which in the order of the magnitude is in good
agreement with the recent theoretical work [40] tends
to rotate the exchange coupling fields in y-z directions
around the x-axis, while the in-plane out-of-equilibrium
tries to mislead the favorable configuration of the ex-
change coupling from α=0 or α=pi. It is interesting to
highlight that in contrast to the other heretofore studied
Josephson junctions, the in-plane STT are also appeared.
Interestingly, as seen in Fig. 10 when ∆θ=0, it is obtained
that the superconducting torque in x-direction is odd in
α but even in ϕ, obeying the relations τx(α,ϕ)=-τx(2pi-
α,ϕ). This is true while τy is even in α and φ fulfilling the
relation τy(α,ϕ)=τy(2pi-α,ϕ). Further the τ in z-direction
presents a behavior at odds with showing both odd man-
ner relative to the α and the superconducting phase differ-
ence. Somehow the appeared in-plane torque can be the
triplet Josephson supercurrent induced torque in anal-
ogy to the the nonequilibrium current-induced torque
emerged for the normal metal FNF contact.
On the other hand, the τ -α and τ -φ relations for
the ∆θ=pi are also investigated. Fig. 11 demonstrates
such dependency when h1,2/EF=0.1, ∆
↑(↓)
1,2 /EF=0.01 and
LN/λF=0.2. As it is obvious, the overall behavior of the
STT in all three directions relative to the φ and α re-
mains unchanged. Nevertheless, reversing the sign of the
STT as ∆ becomes equal to 0 can be the field of interest.
The importance of suchlike deportment lies in the pre-
viously mentioned requirement for the new generation
transistor production. This sign changing satisfies the
demand for the essential two different states revolving
easily by only changing the phase between the majority
and minority spin superconducting order parameters. On
the other hand, the presence of the second harmonic in
out-of-plane component of the torque while ∆θ)1,2=0 in
combination with the second harmonic appeared in τz for
both ∆θ1,2=0 and ∆θ1,2=pi is also an intriguing obtained
result. The featured outcome of the computation emerges
while dealing with the demeanor of the STT inside the
second ferromagnetic superconductor of the FS1/N/FS2.
Fig. 12, denotes the behavior of the STT in the sec-
ond ferromagnetic superconductor (FS2) for x>LN . In
both cases, τx,y,z shows spatial oscillations with a period
that is roughly proportional to the 1/h. The amplitude
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Figure 10. (a), (b), and (c) are respectively τx, τy, and τz ver-
sus scaled superconducting phase difference, φ/pi, for different
values of the angle between the exchange fields of the two FS
reservoirs, α when ∆θ=0. STT in x-direction is even relative
to φ and odd in α while τy and τz respectively are even and
odd relative to both φ and α. (d), (e), and (f) presenting τx, τy,
and τz versus α/pi for different values of the φ while ∆θ1,2=0.
All plots are drawn for x/λF=0.22. The results are for the
conditions with h1,2/EF=0.1, ∆↑(↓)1,2 /EF=0.01.
of τx,y,z exposes a decay with x over a penetration length
which is a fraction of ξ. For both values of ∆θ1,2 the ampli-
tude as well as the direction of the torque can be tuned by
externally changing the phase difference over the contact.
Fig. 12 shows the behavior of the integrated over ky STT
in the second ferromagnetic superconductor (FS2), in the
places where x≥LN . Figs. 12(a), (b) and (c) respectively
demonstrate the decayed oscillatory behavior of the out-
of-plane τx and in-plane τy,z when ∆θ1,2=0. There exists
a good consistency between the results obtained for the
out-of-plane spin transfer torque and the outcomes from
the previous literatures [18, 38, 40]. As seen in Fig. 12,
this fading vacillation comportment strongly depends on
the angle and the superconducting phase difference be-
tween the two FSs. Further other parameters of the ex-
change coupling and superconducting gap are also crucial
in delineating the STT in all three directions. Therewith,
the insets of Figs. 12(a), (b) and (c) compares the ob-
tained results for ∆θ1,2=pi with that of the ∆θ1,2=0. At
first glance, it is eminent that the amplitude of the ex-
change torque when ∆θ1,2 is equal to pi decreases notably
relative to the situation with ∆θ1,2=0. The other absorb-
ing observation is the apparition of the two different os-
cillation periods. As the inset of Fig. 12(a) suggests, this
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Figure 11. (a), (b), and (c) are respectively τx, τy, and τz ver-
sus scaled superconducting phase difference, φ/pi, for different
values of the angle between the exchange fields of the two FS
reservoirs, α when ∆θ1,2=pi. (d), (e), and (f) exhibiting τx,
τy, and τz versus α/pi for different values of φ while ∆θ1,2=pi.
The symmetry behavior is the same as that of the case with
∆θ1,2=0. The electrical properties of the system are the same
as those implied in Fig. 10.
finding ascertains that the exchange torque is the combi-
nation of the two torques with two different far from peri-
ods of oscillation which unify reaching the angle α/pi=0.5
and getting away again while increasing α more.
The more detailed behavior is shown in Fig. 13. As
Figs. 13(a) and (b) suggest for the ∆θ=pi, the overall
behavior of the out-of-plane STT presenting beep like
trend depends on the angle between the exchange fields
of the FSs and also interestingly on the superconducting
phase difference. It is shown that the two characteristic
oscillation periods occur when α is an odd multiple of the
pi/4. Also, this behavior is more likely to happen when φ
is equal to the 0.25pi. The insets of Figs. 13(a) and (b)
are the zoomed presentation of the out-of-plane STT for
φ/pi=0.25, respectively, when α/pi is 0.25 and 0.75.
IV. CONCLUSION
The ferromagnetic Josephson junctions including
the nanosystems with the triplet/singlet ferromagnetic
superconductor reservoirs have been investigated. First,
we have studied the diffusive magnetic junctions of
S1/F1/I1/N/I2/F2/S2 structure with different insulator
barriers (I). The spin transfer torque, in similarity to
the other diffusive Josephson junctions, only appears
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Figure 12. (a) τx versus x/ξs, which is the coordinate of the
position in the FS2 when φ/pi=0.25 and ∆θ1,2=0 for different
values of α/pi. The inset presents such behavior for ∆θ=pi. The
existence of two different periods in out-of-plane STT when
∆=pi is manifest in inset. The value of τx emerging with two
oscillation periods drops notably for ∆=pi. (b) and (c) are
the same as (a) but respectively for τy and τz, mainfestig the
value of the in-plane STT is nearly the same for both ∆=pi and
∆=0. The outcomes establishes available with h1,2/EF=0.1,
∆
↑(↓)
1,2 /EF=0.01.
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Figure 13. (a) Out-of-plane STT versus length for different
values of φ/pi when α=0.25pi. The beat like STT behavior ap-
pears when α is an odd multiple of pi/4. The inset is the more
visible zoomed plot of the more conspicuous beat like behav-
ior happening for φ=0.25pi. (b) and the inset in, is the same as
(a) but for α=0.75pi while h1,2/EF=0.1 and ∆↑(↓)1,2 /EF=0.01.
in the normal direction to the plane of the exchange
fields of the F1 and F2. The out-of-plane spin transfer
torque (STT) results in the parallel or antiparallel con-
figuration of the minimum of the free energy. Also, the
antiparallel/parallel or vice versa parallel/antiparallel
transition of the favorable configuration of the exchange
coupling occurs which depends on the parameters of the
nanostructure such as the exchange field, h/Tc and the
temperature relative to the critical temperature, T/Tc.
The relative width defined as the ratio of ∆φ, the inter-
val in which the transition is happening, relative to φi,
being the phase difference in which the transition starts,
of the S1/F1/N/F2/S2, symmetric S1/F1/I/N/I/F2/S2
and symmetric/asymmetric S1/I/F1/N/F2/I/S2 double
barrier junctions were investigated. In practice, the
temperature and the exchange field are fixed and the
value of φ is varied for detection of possible change in the
favorable configuration of the Josephson junctions. In
more details the free energy of the nano structures has
plotted versus the angle between the exchange couplings
α. We have obtained that the minimum of this free
energy as a function of the α always occurs when α=0
or α=pi depending on the other involved parameters.
Furthermore, for asymmetric barriers as the exchange
field increases or as the temperature becomes higher,
the interval of phase differences, in which the absolute
minimum of the free energy as a function of the α occurs
in α=pi gets larger. When the exchange field reaches the
specified value, the interval starts to become smaller
until it gets near to the saturation point. Moreover, the
Ballistic triplet FS1/N/FS2 is studied by solving the
BDG Equation. To be more clear, we have studied from
the primitive structure to the more complex one. In more
details, first the F1/N/F2, S1/N/S2, singlet FS1/N/FS2,
the triplet FS1/N/FS2 with ky=0 are studied. As it is
seen in Table. I, for these system the out-of-plane STT
τx occurs and no evidence for the occurrence of the
in-plane spin transfer torque have been found. At the
second stage the full triplet FS1/N/FS2 with integrating
over possible kys is investigated. Interestingly for the
triplet FS1/N/FS2 with ky 6=0, we have obtained that
in addition to the existence of the out-of-plane STT,
the in-plane STT is appeared along the direction of
the exchange fields. The evidences present that the
appearance of the non-zero ky in the form of the paring
potential is responsible for the occurrence of such novel
spin transfer torque. The apparition of such behavior
suggests that the minimum of the free energy may occur
while the exchange fields of the ferromagnets make the
relative angle different from α=0 or α=pi. We believe
that the present study is the first work announcing
the occurrence of the in-plane STT. The appearance of
the STT with two oscillation periods inside the ferro-
magnetic superconductor depending on the difference
between the majority and minority spin superconducting
order parameters, is the other compelling uncovering of
this study.
Appendix A: Bogoliubov-de-Gennes formalism for
FS1/N/FS2
For the ferromagnetic superconductor (FS) with the
magnetization along the y-z axis it is obtained that,
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Table I. The spin transfer torque in different types of ballistic Josephson junctions
Studied structure Superconducting gap; ∆ Out-of-plane τx In-plane τy,z
F1/N/F2 0 Yes No
S1/N/S2 |∆0|eiφ No No
FS1/N/FS2 |∆0|eiφ Yes No
FS1/N/FS2; ky=0 |∆0|e±iθ↑↓eiφ Yes No
FS1/N/FS2; ky 6=0 |∆0| ±k
+
x ±iky√
k+=(k+x )2+(ky)2
e±iθ
↑↓σ
eiφ, Yes Yes

−∇22m − E(`)F − h` 0 ∆↑`e(h) 0
0 −∇22m − E(`)F + h` 0 ∆↓`e(h)
∆↑∗`e(h) 0
∇2
2m + E
(`)
F + h` 0
0 ∆↓∗`e(h) 0
∇2
2m + E
(`)
F − h`


U↑`e(h)
U↓`e(h)
V ↑`e(h)
V ↓`e(h)
 = E

U↑`e(h)
U↓`e(h)
V ↑`e(h)
V ↓`e(h)
 .
Here, `=1,2 denotes the parameters for the first and the
second ferromagnetic superconductor respectively. Elec-
trons and holes are presented as e,h. Also, σ=+1,-1 in-
dicates the spin up and spin down electron and holes.
All the solutions of the above equation are written as
Uσ`e(h)=u
σ
`e(h) e
iqσ`e(h)x,Vσ`e(h)=v
σ
`e(h) e
iqσle(h)x and conse-
quently the above equation takes the following form,(
−∇22m − E(`)F − σ · h` − E ∆σ`e(h)
∆σ∗`e(h)
∇2
2m + E
(`)
F + σ · h` − E
)
(
uσ`e(h)
vσ`e(h)
)
eiq
σ
`e(h)xeikyy = 0. (A1)
Applying Hamiltonian on the wave function it is attained
that,
 (qσ`e(h))22m + k2y2m − E`F − σ · h` − E ∆σ`e(h)
∆σ∗`e(h) −
(qσ`e(h))
2
2m −
k2y
2m + E
`
F + σ · h` − E
( u`e(h)σ
v`e(h)σ
)
= 0; (A2)
A =
 (qσ`e(h))22m + k2y2m − E`F − σ · h` − E ∆σ`e(h)
∆σ∗`e(h) −
(qσ`e(h))
2
2m −
k2y
2m + E
`
F + σ · h` − E
 . (A3)
The values of qσ`e(h) as the functions of E are found by
letting the determinant of A equal to zero,
detA = (
(qσ`e(h))
2
2m
+
k2y
2m
− E(`)F − σ · h` − E)
− (
(qσ`e(h))
2
2m
+
k2y
2m
−E(`)F − σ.h` +E) + |∆σ`e(h)|2 = 0.
⇒ −
(qσ`e(h))
2
2m
− k
2
y
2m
+ E
(`)
F + σ · h` = ±
√
E2 − |∆σ`e(h)|2
qσ`e(h) =
√
2m(E
(`)
F + σ.h` ±
√
E2 − |∆σ`e(h)|2)− k2y (A4)
The ± sign in the above equation manifests two solutions
related to the hole-like, qσ`h, and electron-like, q
σ
`e, solu-
tions of q. At the next step, uσ`e(h),v
σ
`e(h) parameters will
be attained. For each ferromagnetic superconductor in
both spin direction, there are two sets of u,v parameters
called as electron-like, uσ`e, and hole-like, u
σ
`h, solutions.
For these specified estates by applying Eq. (A4) in ma-
trix Eq. A2, two following equations are obtained
∆σ`e(h)v
σ
`e(h) − (E ∓
√
E2 − |∆σ`e(h)|2)uσ`e(h) = 0, (A5)
and
∆σ∗`e(h)u
σ
`e(h) − (E ±
√
E2 − |∆σ`e(h)|2)vσ`e(h) = 0. (A6)
Also the normalization condition will be considered,
|uσ`e(h)|2 + |vσ`e(h)|2 = 1. (A7)
Now with consideration of the electron-like solutions of
Eq. (A6) and Eq. (A7) by applying the electron-like Eq.
14
A6, it is seen that
vσ`e =
∆σ∗`e u
σ
`e
(E +
√
E2 − |∆σ`e|2)
. (A8)
Substituting the obtained value of vσ`e in the Eq. (A7)
gives
|uσ`e|2(1 +
|∆σ`e|2
(E +
√
E2 − |∆σ`e|2)2
) = 1,
⇒ |uσ`e|2(
E2 + E2 − |∆σ`e|2 + 2E
√
E2 − |∆σ`e|2 + |∆σ`e|2
(E +
√
E2 − |∆σ`e|2)2
) = 1,
⇒ |uσ`e|2(
2E2 + 2E
√
E2 − |∆σ`e|2
(E +
√
E2 − |∆σ`e|2)2
) =
|uσ`e|2[
2E(E +
√
E2 − |∆σ`e|2)
(E +
√
E2 − |∆σ`e|2)2
] = 1,
|uσ`e|2[
2E
(E +
√
E2 − |∆σ`e|2)
] = 1,
|uσ`e|2 = [
(E +
√
E2 − |∆σ`e|2)
2E
] = [1 +
√
E2 − |∆σ`e|2
E
]/2,
⇒ uσ`e =
√
(1 +
√
E2 − |∆σ`e|2
E
)/2. (A9)
Using Eq. (A9) and Eq. (A8) the following result is ac-
quired,
⇒ vσ`e =
∆σ∗`e
|∆σ`e|
√
(1−
√
E2 − |∆σ`e|2
E
)/2. (A10)
Now the hole-like forms of Eq. (A6) and Eq. (A7) are
figured out to find the hole-like solutions,
∆σ∗`hu
σ
`h − (E −
√
E2 − |∆σ`h|2)vσ`h = 0 (A11)
vσ`h = ∆
σ∗
`h
uσ`h
(E −√E2 − |∆σ`h|2) .
Implying the normalization condition the following rela-
tion is acquired,
|uσ`e|2(1 +
|∆σ`e|2
(E −√E2 − |∆σ`e|2)2 ) = 1.
The performed calculation for the electron-like solutions
should be repeated to accede to the pursuant formula,
uσ`h =
√
(1−
√
E2 − |∆σ`h|2
E
)/2.
⇒ vσ`h =
|∆σ∗`h |
∆σ`h
√
(1 +
√
E2 − |∆σ`h|2
E
)/2. (A12)
|∆σ∗`h |
∆σ`h
denotes the phase of the gap, so inevitably the
above solutions can be written in the subsequent way,
uσ`h =
|∆σ`h|
∆σ∗`h
√
(1−
√
E2 − |∆σ`h|2
E
)/2 (A13)
vσ`h =
√
(1 +
√
E2 − |∆σ`h|2
E
)/2 = uσ`h. (A14)
In the following, we come back to the studied case of the
Josephson system consisting of the normal contact be-
tween two triplet FSs, schematically presented in Fig. 2.
The exchange field of FS1 makes an angle α with that of
the FS2 while the phase difference between the two men-
tioned FSs is φ. The chiral p-wave superconducting gaps
demonstrated as ∆σ`e(h)=∆`σ,0(kx(e,h)+iky)/k
N
F are con-
sidered. All three FS1, N, and FS2 are taken to have the
same fermi energy, E(1)F =E
N
F =E
(2)
F =EF . The total wave
function in the non-superconducting region is written as,
ΨN =

c1+e
ik+x + c1−e−ik
+x
c2+e
ik+x + c2−e−ik
+x
c3−eik
−x + c3+e
−ik−x
c4−eik
−x + c4+e
−ik−x
 .
While for the first ferromagnetic superconductor FS1, we
have
ΨFS1 = Tˆ (

u↑1e
0
v↑1ee
−iγ↑1+
0
 eiq↑1ex+r↑e

u↑1e
0
v↑1ee
−iγ↑1−
0
 e−iq↑1ex
+ r↓e

0
u↓1e
0
v↓1ee
−iγ↓1−
 e−iq↓1ex
+ r↑h

v↑1ee
iγ¯↑1+
0
u↑1e
0
 eiq↑1hx + r↓h

0
v↓1ee
iγ¯↓1+
0
u↓1e
 eiq↓1hx)
(A15)
Tˆ =
 cosα/2 i sinα/2 0 0i sinα/2 cosα/2 0 00 0 cosα/2 −i sinα/2
0 0 −i sinα/2 cosα/2
 .
(A16)
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And the wave function for the FS2 is,
ΨFS2 = t
↑
e

u↑2e
0
v↑2ee
−iγ↑2+
0
 eiq↑2ex + t↓e

0
u↓2e
0
v↓2ee
−iγ↓2+
 eiq↓2ex
+ t↑h

v↑2ee
iγ¯↑2−
0
u↑2e
0
 e−iq↑2hx + t↓h

0
v↓2ee
iγ¯↓2−
0
u↓2e
 e−iq↓2hx
(A17)
with r↑(↓)e(h) and t
↑(↓)
e(h) being respectively the reflection and
the transmission coefficients. Also the following relation
holds,
k±x =
√
2m(EF ± E)− k2y. (A18)
In practic we have assumed chiral p-wave superconduct-
ing gaps similar to the A-phase in liquid 3He. In this so-
called chiral p-wave state where intrinsically the time re-
versal symmetry is broken,[44, 45] FSs feel different gaps
for the hole like quasiparticles and electron like quasipar-
ticles with the energy E. As well, the γ+,− factors refer
to the momentum direction of the quasiparticles,
e±iγ
σ
`β =
βk+x ± iky√
k+ = (k+x )2 + (ky)2
e±iθ
`σ
e−iφ`σ , β = ±1
(A19)
e±iγ¯
σ
`β =
βk−x ± iky√
k− = (k−x )2 + (ky)2
e±iθ
`σ
e−iφ`σ , β = ±1
(A20)
qσ`e(h) =
√
2m(EF + σh` ±
√
E2 − |∆`e(h)σ|2)− k2y.
(A21)
The wave functions in three regions are written and then
the boundary conditions are applied. At the layer inter-
faces the wavefunction ψ(r) is continuous, while its first
derivative has a discontinuity proportional to a dimen-
sionless parameter Z≡2W0/~vF , measuring the height of
potential barriers at the interfaces. Here, the junctions
without barriers are assumed so Z will be zero. As a re-
sult, the four boundary conditions will be inscribed qua
ΨFS1 |x=0 = ΨN |x=0,
ΨN |x=L = ΨFS2 |x=L,
dΨFS1
dx
|x=0 = dΨN
dx
|x=0,
dΨN
dx
|x=L = dΨFS2
dx
|x=L. (A22)
Therefore, a system of 16 linear equations with many
unknown complex parameters are yielded. By solving the
matrix, the amplitudes of cj=1−4j± ,r
σ
e(h),t
σ
e(h) will be found.
In the following the boundary conditions are applied and
the coefficients are computed. For the FS1/N boundary
we have
ΨFS1 |x=0 = ΨN |x=0. (A23)
Thus following four equations are established,
c1+ + c1− = (1 + r↑e) cos (
α
2
)u↑1e + r
↓
e [i sin (
α
2
)u↓1e]
+ r↑h cos (
α
2
)v↑1ee
iγ¯↑1+ + r↓h[i sin (
α
2
)v↓1ee
iγ¯↓1+ ]
=⇒ −c1+ − c1− + r↑e cos (
α
2
)u↑1e + r
↓
e [i sin (
α
2
)u↓1e]
+ r↑h cos (
α
2
)v↑1ee
iγ¯↑1+ + r↓h[i sin (
α
2
)v↓1ee
iγ¯↓1+ ] =
− cos (α
2
)u↑1e, (A24)
c2+ + c2− = (1 + r↑e)[i sin (
α
2
)u↑1e] + r
↓
e [cos (
α
2
)u↓1e]
+ r↑h[i sin (
α
2
)v↑1ee
iγ¯↑1+ ] + r↓h cos (
α
2
)v↓1ee
iγ¯↓1+ (A25)
=⇒ −c2+ − c2− + r↑e [i sin (
α
2
)u↑1e] + r
↓
e [cos (
α
2
)u↓1e]
+ r↑h[i sin (
α
2
)v↑1ee
iγ¯↑1+ ] + r↓h cos (
α
2
)v↓1ee
iγ¯↓1+ =
− i sin (α
2
)u↑1e, (A26)
c3+ + c3− = cos (
α
2
)v↑1e(e
−iγ¯↑1+ + e−iγ¯
↑
1−r↑e)
−r↓e [i sin (
α
2
)v↓1ee
−iγ¯↓1− ]+r↑h cos (
α
2
)u↑1e−r↓h[i sin (
α
2
)u↓1e]
(A27)
=⇒ −c3+ − c3− + r↑e cos (
α
2
)v↑1ee
−iγ¯↑1− − r↓e [i sin (
α
2
)v↓1e
e−iγ¯
↓
1− ] + r↑h cos (
α
2
)u↑1e − r↓h[i sin (
α
2
)u↓1e] = − cos (
α
2
)
v↑1ee
−iγ¯↑1+ , (A28)
c4−+c4+ = [i sin (
α
2
)v↑1e](−e−iγ¯
↑
1−r↑e−e−iγ¯
↑
1+)+r↓e cos (
α
2
)
v↓1ee
−iγ¯↓1− − r↑h[i sin (
α
2
)u↑1e] + r
↓
h cos (
α
2
)u↓1e (A29)
=⇒ −c4−−c4+−r↑e [i sin (
α
2
)v↑1ee
−iγ¯↑1− ]+r↓e cos (
α
2
)v↓1ee
−iγ¯↓1−
− r↑h[i sin (
α
2
)u↑1e] + r
↓
h cos (
α
2
)u↓1e = i sin (
α
2
)v↑1ee
−iγ¯↑1+ .
(A30)
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Also for the FS1/N junction there exist another boundary
condition,
dΨFS1
dx
|x=0 = dΨN
dx
|x=0. (A31)
Where,
dΨN
dx
=

ik+(c1+e
ik+x − c1−e−ik+x)
ik+(c2+e
ik+x − c2−e−ik+x)
ik−(c3−eik
−x − c3+e−ik−x)
ik−(c4−eik
−x − c4+e−ik−x)

and
dΨFS1
dx
(1, 1) = i cos (
α
2
)(q↑1eu
↑
1ee
iq↑1ex − r↑eq↑1eu↑1ee−iq
↑
1ex
+ r↑hq
↑
1hv
↑
1ee
iγ¯↑1+eiq
↑
1hx)− sin (α
2
)(−r↓eq↓1eu↓1ee−iq
↓
1ex
+ r↓hq
↓
1hv
↓
1ee
iq↓1hxeiγ¯
↓
1+),
dΨFS1
dx
(2, 1) = − sin (α
2
)(q↑1eu
↑
1ee
iq↑1ex − r↑eq↑1eu↑1ee−iq
↑
1ex
+ r↑hq
↑
1he
iγ¯↑1+eiq
↑
1hx) + i cos (
α
2
)(−r↓eq↓1eu↓1ee−iq
↓
1ex+
r↓hq
↓
1hv
↓
1ee
iq↓1hxeiγ¯
↓
1+),
dΨFS1
dx
(3, 1) = i cos (
α
2
)(q↑1ev
↑
1ee
iq↑1exe−iγ
↑
1+−r↑eq↑1ev↑1ee−iq
↑
1ex
e−iγ
↑
1−+r↑hq
↑
1hu
↑
1ee
iq↑1hx)+sin (
α
2
)(−r↓eq↓1ev↓1ee−iq
↓
1exe−iγ
↓
1−
+ r↓hq
↓
1hu
↓
1ee
iq↓1hx),
dΨFS1
dx
(4, 1) = sin (
α
2
)(q↑1ev
↑
1ee
iq↑1exe−iγ
↑
1+−r↑eq↑1ev↑1ee−iq
↑
1ex
e−iγ
↑
1−+r↑hq
↑
1hu
↑
1ee
iq↑1hx)+i cos (
α
2
)(−r↓eq↓1ev↓1ee−iγ
↓
1−e−iq
↓
1ex
+ r↓hq
↓
1hu
↓
1ee
iq↓1hx).
The derivatives and the second boundary condition are
exploited to gain the next four equations,
ik+(−c1−+ c1+)− (r↑e −1)[i cos (
α
2
)q↑1eu
↑
1e] + r
↑
h[i cos (
α
2
)
q↑1hv
↑
1ee
iγ¯↑1+ ] + r↓e sin (
α
2
)q↓1eu
↓
1e − r↓h sin (
α
2
)q↓1hv
↓
1ee
iγ¯↓1+ ]
(A32)
=⇒ ik+(c1− − c1+)− r↑e [i cos (
α
2
)q↑1eu
↑
1e] + r
↑
h[i cos (
α
2
)
q↑1hv
↑
1ee
iγ¯↑1+ ] + r↓e sin (
α
2
)q↓1eu
↓
1e − r↓h sin (
α
2
)q↓1hv
↓
1ee
iγ¯↓1+ ]
= −i cos (α
2
)q↑1eu
↑
1e, (A33)
ik+(−c2− + c2+) + (r↑e − 1) sin (
α
2
)q↑1eu
↑
1e − r↓e [i cos (
α
2
)
q↓1eu
↓
1e]− r↑h[sin (
α
2
)q↑1he
iγ¯↑1+ ] + r↓h[i cos (
α
2
)q↓1hv
↓
1ee
iγ¯↓1+ ]
(A34)
=⇒ ik+(c2−−c2+)+r↑e sin (
α
2
)q↑1eu
↑
1e−r↓e [i cos (
α
2
)q↓1eu
↓
1e]
− r↑h[sin (
α
2
)q↑1he
iγ¯↑1+ ] + r↓h[i cos (
α
2
)q↓1hv
↓
1ee
iγ¯↓1+ ] = sin (
α
2
)
q↑1eu
↑
1e, (A35)
ik−(−c3+ + c3−) = (e−iγ
↑
1+ − r↑ee−iγ
↑
1−)[i cos (
α
2
)q↑1ev
↑
1e]
+r↑h[i cos (
α
2
)q↑1hu
↑
1e]−r↓e sin (
α
2
)q↓1ev
↓
1ee
−iγ↓1−+r↓h sin (
α
2
)
q↓1hu
↓
1e (A36)
=⇒ ik−(c3+ − c3−)− r↑ee−iγ
↑
1− [i cos (
α
2
)q↑1ev
↑
1e] + r
↑
h
[i cos (
α
2
)q↑1hu
↑
1e]− r↓e sin (
α
2
)q↓1ev
↓
1ee
−iγ↓1− + r↓h sin (
α
2
)q↓1h
u↓1e = −i cos (
α
2
)q↑1ev
↑
1ee
−iγ↑1+ , (A37)
ik−(c4+ − c4−)− r↑e [sin (
α
2
)q↑1ev
↑
1ee
−iγ↑1− ] + r↑h sin (
α
2
)q↑1h
u↑1e − r↓e [i cos (
α
2
)q↓1ev
↓
1ee
−iγ↓1− ] + r↓h[i cos (
α
2
)q↓1hu
↓
1e]
(A38)
=⇒ ik−(c4+− c4−)− r↑e [sin (
α
2
)q↑1ev
↑
1ee
−iγ↑1− ] + r↑h sin (
α
2
)
q↑1hu
↑
1e − r↓e [i cos (
α
2
)q↓1ev
↓
1ee
−iγ↓1− ] + r↓h[i cos (
α
2
)q↓1hu
↓
1e]
= − sin (α
2
)v↑1ee
−iγ↑1+q↑1e. (A39)
Applying the first boundary conditions for the N/FS2
junction,
ΨN |x=L = ΨFS2 |x=L, (A40)
the following equations are obtained,
c1+e
ik+L + c1−e−ik
+L = t↑eu
↑
2ee
iq↑2eL + t↑hv
↑
2ee
iγ¯↑2−e−iq
↑
2hL
=⇒ −c1+eik+L − c1−e−ik+L + t↑eu↑2eeiq
↑
2eL + t↑hv
↑
2ee
iγ¯↑2−
e−iq
↑
2hL = 0, (A41)
c2+e
ik+L + c2−e−ik
+L = t↓eu
↓
2ee
iq↓2eL + t↓hv
↓
2ee
iγ¯↓2−e−iq
↓
2hL
=⇒ −c2+eik+L − c2−e−ik+L + t↓eu↓2eeiq
↓
2eL + t↓hv
↓
2ee
iγ¯↓2−
e−iq
↓
2hL = 0, (A42)
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c3−eik
−L + c3+e
−ik−L = t↑ev
↑
2ee
−iγ↑2+eiq
↑
2eL + t↑hu
↑
2ee
−iq↑2hL
=⇒ −c3−eik−L − c3+e−ik−L + t↑ev↑2ee−iγ
↑
2+eiq
↑
2eL + t↑hu
↑
2e
e−iq
↑
2hL = 0, (A43)
c4−eik
−L + c4+e
−ik−L = t↓ev
↓
2ee
−iγ↓2+eiq
↓
2eL + t↓hu
↓
2ee
−iq↓2hL
=⇒ −c4−eik−L − c4+e−ik−L + t↓ev↓2ee−iγ
↓
2+eiq
↓
2eL + t↓hu
↓
2e
e−iq
↓
2hL = 0. (A44)
Also, the second boundary condition at N/FS2 junction
is employed to find the last four equations
dΨN
dx
|x=L = dΨFS2
dx
|x=L =
i(t↑eu
↑
2eq
↑
2ee
iq↑2eL − t↑hv↑2eq↑2heiγ¯
↑
2−e−iq
↑
2hL)
i(t↓eu
↓
2eq
↓
2ee
iq↓2eL − t↓hv↓2eq↓2heiγ¯
↓
2−e−iq
↓
2hL)
i(t↑ev
↑
2eq
↑
2ee
−iγ¯↑2+eiq
↑
2eL − t↑hu↑2eq↑2he−iq
↑
2hL)
i(t↓ev
↓
2eq
↓
2ee
−iγ¯↓2+eiq
↓
2eL − t↓Lu↓2eq↓2he−iq
↓
2hL)
 .
Accordingly following equations are obtained,
ik+(−c1−e−ik+L+c1+eik+L) = t↑e(iu↑2eq↑2eeiq
↑
2eL)−t↑h(iv↑2e
q↑2he
iγ¯↑2−e−iq
↑
2hL) =⇒ ik+(c1−e−ik+L − c1+eik+L) + t↑e
(iq↑2eu
↑
2ee
iq↑2eL)− t↑h(iq↑2hv↑2eeiγ¯
↑
2−e−iq
↑
2hL) = 0, (A45)
ik+(−c2−e−ik+L+c2+eik+L) = t↓e(iu↓2eq↓2eeiq
↓
2eL)−t↓h(iv↓2e
q↓2he
iγ¯↓2−e−iq
↓
2hL) =⇒ ik+(c2−e−ik+L − c2+eik+L) + t↓e
(iu↓2eq
↓
2ee
iq↓2eL)− t↓h(iv↓2eq↓2heiγ¯
↓
2−e−iq
↓
2hL) = 0, (A46)
ik−(−c3+e−ik−L+c3−eik−L) = t↑e(iq↑2ev↑2ee−iγ
↑
2+eiq
↑
2eL)−t↑h
(iq↑2hu
↑
2ee
−iq↑2hL) =⇒ ik−(c3+e−ik−L − c3−eik−L) + t↑e
(iq↑2ev
↑
2ee
−iγ↑2+eiq
↑
2eL)− t↑h(iq↑2hu↑2ee−iq
↑
2hL) = 0, (A47)
ik−(−c4+e−ik−L+c4−eik−h) = t↓e(iq↓2ev↓2ee−iγ
↓
2+eiq
↓
2eh)−t↓h
(iq↓2hu
↓
2ee
−iq↓2hL) =⇒ ik−(c4+e−ik−L − c4−eik−L) + t↓e
(iq↓2ev
↓
2ee
−iγ↓2+eiq
↓
2eh)− t↓h(iq↓2hu↓2ee−iq
↓
2hL) = 0. (A48)
So the subsequent formula holds,
Ab=C. (A49)
Where,
bT = (c1+ c1− c2+ c2− c3+ c3− c4+ c4− r↑e r
↓
e r
↑
h r
↓
h t
↑
e
t↓e t
↑
h t
↓
h) (A50)
and
A =
(
Aˇ11 Aˇ12
Aˇ21 Aˇ22
)
(A51)
Aˇ11 =

−1 −1 0 0 0 0 0 0
0 0 −1 −1 0 0 0 0
0 0 0 0 −1 −1 0 0
0 0 0 0 0 0 −1 −1
−1 1 0 0 0 0 0 0
0 0 −1 1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1

,
Aˇ12 =

cos α2 u
↑
1e i sin
α
2 u
↓
1e cos
α
2 v
↑
1ee
iγ¯↑1+ i sin α2 v
↓
1ee
iγ¯↓1+ 0 0 0 0
i sin α2 u
↑
1e cos
α
2 u
↓
1e i sin
α
2 v
↑
1ee
iγ¯↑1+ cos α2 v
↓
1ee
iγ¯↓1+ 0 0 0 0
cos α2 v
↑
1ee
−iγ↑1− −i sin α2 v↓1ee−iγ
↓
1− cos α2 u
↑
1e −i sin α2 u↓1e 0 0 0 0
−i sin α2 v↑1ee−iγ
↑
1− cos α2 v
↓
1ee
−iγ↓1− −i sin α2 u↑1e cos α2 u↓1e 0 0 0 0
− cos α2
q↑1e
k+x
u↑1e −i sin α2
q↓1e
k+x
u↓1e cos
α
2
q↑1h
k+x
v↑1ee
iγ¯↑1+ i sin α2
q↓1h
k+x
v↓1ee
iγ¯↓1+ 0 0 0 0
−i sin α2
q↑1e
k+x
u↑1e − cos α2
q↓1e
k+x
u↓1e i sin
α
2
q↑1h
k+x
v↑1ee
iγ¯↑1+ cos α2
q↓1h
k+x
v↓1ee
iγ¯↓1+ 0 0 0 0
− cos α2
q↑1e
k−x
v↑1ee
−iγ↑1− i sin α2
q↓1e
k−x
v↓1ee
−iγ↓1− cos α2
q↑1h
k−x
u↑1e −i sin α2
q↓1h
k−x
u↓1e 0 0 0 0
i sin α2
q↑1e
k−x
v↑1ee
−iγ↑1− − cos α2
q↓1e
k−x
v↓1ee
−iγ↓1− −i sin α2
q↑1h
k−x
u↑1e cos
α
2
q↓1h
k−x
u↓1e 0 0 0 0

,
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Aˇ21 =

−eik+L −e−ik+L 0 0 0 0 0 0
0 0 −eik+L −e−ik+L 0 0 0 0
0 0 0 0 −e−ik−L −eik−L 0 0
0 0 0 0 0 0 −e−ik−L −eik−L
−eik+L e−ik+L 0 0 0 0 0 0
0 0 −eik+L e−ik+L 0 0 0 0
0 0 0 0 e−ik
−L −eik−L 0 0
0 0 0 0 0 0 e−ik
−L −eik−L

,
Aˇ22 =

0 0 0 0 u↑2ee
iq↑2eL 0 v↑2ee
iγ¯↑2−e−iq
↑
2hL 0
0 0 0 0 0 u↓2ee
iq↓2eL 0 v↓2ee
iγ¯↓2−e−iq
↓
2hL
0 0 0 0 v↑2ee
−iγ↑2+eiq
↑
2eL 0 u↑2ee
−iq↑2hL 0
0 0 0 0 0 v↓2ee
−iγ↓2+eiq
↓
2eL 0 u↓2ee
−iq↓2hL
0 0 0 0
q↑2e
k+x
u↑2ee
iq↑2eL 0 − q
↑
2h
k+x
v↑2ee
iγ↑2−e−iq
↑
2hL 0
0 0 0 0 0
q↓2e
k+x
u↓2ee
iq↓2eL 0 − q
↓
2h
k+x
v↓2ee
iγ¯↓2−e−iq
↓
2hL
0 0 0 0
q↑2e
k−x
v↑2ee
−iγ↑2+eiq
↑
2eL 0 − q
↑
2h
k−x
u↑2ee
−iq↑2hL 0
0 0 0 0 0
q↓2e
k−x
v↓2ee
−iγ↓2+eiq
↓
2eL 0 − q
↓
2h
k−x
u↓2ee
−iq↓2hL,

.
and more the matrix C is
CT = (− cos (α2 )u↑1e − i sin (α2 )u↑1e − cos (α2 )v↑1ee−iγ¯
↑
1+ i sin (α2 )v
↑
1ee
−iγ¯↑1+ − i cos (α2 )q↑1eu↑1e sin (α2 )q↑1eu↑1e −
i cos (α2 )q
↑
1ev
↑
1ee
−iγ↑1+ −sin (α2 )v↑1ee−iγ
↑
1+q↑1e0 0 0 0 0 0 0 0).
This linear system should be solved to find the unknown
coefficients of matrix b. As soon as the linear system is
solved and the coefficients are known, they are used to
find the STT in each FSs via the following formula
τstt = ψ
†
(
σ × h 0
0 −σ∗ × h
)
ψ. (A52)
(
~σ 0
0 ~σ∗
)
=
 zˆ xˆ− iyˆ 0 0xˆ+ iyˆ −zˆ 0 00 0 zˆ xˆ+ iyˆ
0 0 xˆ− iyˆ −zˆ
 (A53)
Here, the interval of E<∆ is contemplated. With
consideration of this limit we proceed to find the STT.
The respective contribution of each energy to the spec-
tral currents, spin supercurrent and STT are found and
then we continue to the higher energy until the required
precision of the summation over energy is achieved.
Appendix B: Algorithm
The first part is involved with calculating the elements
of matrix b. The wave function for an electron with spec-
ified energy E is written and the lapack library is applied
to the 16×16 general complex matrix to calculate the
undetermined coefficients of the linear system. Notably
the ZGETRF, ZGETRI, ZGESVD, and ZGEEV routines
[60] call in our code. The input parameters for the bound-
ary conditions and the numerical method are available at
69, which is written in Fortran. Finding matrix b, all the
undetermined coefficients in the wave functions become
known and the bound state energies can be established.
Secondly, the STT is calculated in three directions for the
each specified obtained bound state energy E and then is
summed to get the final STT.
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